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Abstract: In the present paper, we are interested in the following Schrodinger equation with singular potential v
is a singular potential with parameter 0 < a < 1. Under some reasonable assumptions on v and A, we establish the
existence of ground state solutions. Compared with the recent results obtained in [8], we extend the scope (1,2) of
a to (0,1).
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1. Introduction
This paper is concerned with the following class of elliptic problems
—Au+V(xDu = [ul* "2u + |u|7%u + Au)> 2y, x € RV, (L.1)

. 2N ., 4 . . .. L .
where N =3,2%: = -—,2,: =2 + ﬁ.‘l < q<2%2>0 is a positive parameter, V is a singular potential
with parameter and satisfies the following assumptions:

with parameter 0 < a < 1 and satisfies the following assumptions:
(V1) there exists A > 0 such that V(s) > SA for almost every s > 0;
(V,)V € L(a, b) for some (a, b) with b > a > 0;

(V3) There exists B € (4, o) such that V(s) < SE for almost every s > 0.

Obviously, the typical functions satisfying (V1) — (V3) is of the form A where a, A > 0 are real constants. In

|
this sense, taking @ = 2 and the nonlinearity being the pure-critical case f(u) = |u|?> ~2u, the author [11]

showed that the behavior of solutions for (1.1) with N = 3 heavily depends on the changes of the parameter A.
A
|x|*

Subsequently, the authors [4] investigated the case that V(|x|) = with A € R, > 0 and f(u) = |u|?%u

with ¢ > 2. Combining the moving planes and the moving spheres methods, they demonstrated that how the
existence of positive solutions of (1.1) can be influenced by the choice of the parameters A, & and q. Since then,
problems like (1.1) have received continuous attention, see [1, 2, 3, 4, 6, 7, 8, 9, 10] and the references listed
therein. Actually, problems like (1.1) can model the stationary states of reaction diffusion equations in
population dynamics ([5]) and also arise in many branches of mathematical physics, such as nonlinear optics,
plasma physics, condensed matter physics and cosmology. The motivation of our present paper is the following

result obtained in [8], which is also given in 7.
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2N—4+2a
-2

{N =3, a€(12);

N=>4, a€(02),

Theorem A.([8, Theorem 1.1]) Assume that q € ( *) and conditions (V1) — (V3) hold. Let

and
2
G
A= 222 —-]221>0, (1.2)

(1 1)52*

where S and S, are defined in (2.1) and (2.2). Then equation (1.1) has a ground state solution u € W

rd(RY V).
Moreover, u € L”(RN) and u € C1(R" \ {0}).

The above Theorem A states that, when N = 3, « is limited to the interval (1,2). Therefore, an interesting
issue is to relax this restrict and prove that (1.1) also admits ground state solutions if N = 3 and « € (0,1] just
like the case N =4 . Motivated by this observation, we still focus our attention on problem (1.1) and
complement the above Theorem A in the following sense.

Theorem 1.1. Assume that conditions (V1) — (V3) hold. Let N =3,a € (0,1),q € (4,2") and 0 < 1 < A*,
(RN, V). Moreover, u € L”(RY) and u € C(RM \ {0}).

2N—4+2a

(1.1) has a ground state solution u € wk?

rad

Remark 1.2. When N = 3 and «a € (0,1), it is obvious to see that = 2+ 2a < 4. In other words, our

conclusion could not cover the range between 2 + 2« and 4, that is, (2 + 2a, 4]. Meanwhile, from Theorem A
and our Theorem 1.1, we see that the case @ = 1 is also not involved.

To achieve Theorem A and our Theorem 1.1, the next embedding plays an essential role.
Proposition B. (8 , Proposition 2]) Suppose that N > 3 and condition (V1) — (V3) hold. Then the following

continuous embeddings hold:

2(RV, V) o L'(RY), re 2:;,, 1l a € (0,2);

rad
Wiazd(RN V) o L'(RY), [2%,2:], a € (2,2N — 2);
rad (RN V) o LT(RN) ’ 00), a € [ZN -2, oo)

The embeddings are compact if r # 2;, and r # 2%,
Obviously, Proposition B signifies that 2;, is the embedding bottom index and 2* is the embedding top

index when « belongs to (0,2). However, for a € (0,2), it gives that

2N—4+2a _ | 3,
2y =2+ <24 =T (1.3)

Hence, we believe that it is worth exploring the validity of the conclusions in the above Theorem A or Theorem

1.1 forthe case N = 3,a € (0,2) and q € (22, 22] in the future work.
2. Proof of Theorem 1.1

We firstly introduce the associated energy space for problem (1.1). For N = 3, denote by L”(IRN ), pE

1
[1,0) , the usual Lebesgue space with its norm ||U||p::(fRN|U|de)p . Let Dl'z(]RN)::{ue

67



Electronics Science Technology and Application (2024) Volume 11 Issue 3 ISSN: 2424-8460(0)
2251-2608(P)

1
L% (RM):[ gy |Vu|?dx < oo} with the semi-norm lullprzgryy = (J gy IVul?dx)?. Define WH2(RN,V): = {u €

DY2RN: [[ull o gy = S V(%D ul?dx < oo} normed by

N~

2 - 2 2
el 2y = ( | iwuttdes | vihiu dx)
and era’l(zi(]RN ,V) is the set of radial functions in WL2(RY,V). Note that the embeddings of DV(RV,V) &

LZ*(]RN ) and W2 (IRN , V) o LZ*(]RN ) are continuous, it allows us to define the best embedding constants S

rad
and S,:
2
5= uEDilg(RN)M - ueDilggRN)% @1
(Jow 1uf?"dx)?
and
Vul?dx+ [y V(] ul2dx el 12 (g
Sat = uewl'izn (flRN V) e IRIZ (li*m | B uewl'izn (RV,V) Tﬁﬁgﬁ s @2)
rad\R™ U]RN [u? dx)Z rad\R™
Especially, S is achieved at
(N-2) N2 N2
U =[N(N—-2)] + (#lez) 2= AN(#W) ? for any given o > 0, (2.3)

% N
which satisfies ||U0||,2)1_2(RN) = lU, |13 = Sz.
Equation (1.1) is variational and its solutions are the critical points of the functional defined in

WEhA(RN, V) by

rad

1 5 1 ) A o 1 1 o
Jw): = —f |Vul“dx +—f V(xD|u|*dx — = |u|“edx ——J |u|9dx ——*J |ul* dx.
2 gy 2 ) gy 24 ) gy qJ gy 2% J g

According to [8, Lemma 5.1], we have known that the functional / possesses the mountain pass geometry

under the assumptions of Theorem 1.1. Moreover, define c: = inf sup J(y(t)) and ¢: = in]\f/] (w), it also gives
uVEFtE[O,l] Uue

that c=ct=cC= inf sup J(tu) > 0 , where rr={ye
ueW LA (RN V)\{0}te[0,1]

rad

¢ (1011, WEA(RY,V)):¥(0) =0,/ (¥(1)) < 0} and I: = {u € W3(RY,V) \ {0}: {/ (w), u) = 0}. To obtain

rad rad
the existence of ground states of problem (1.1), the essential step is to verify that the mountain pass level ¢
defined above belongs to some reasonable interval. For this purpose, we choose the following test functions U,
different from [8] and make subtle analyses. For the convenience of discussion, in what follows, N is fixed,

thatis, N = 3.
3
Lemma 2.1. Under the assumptions of Theorem 1.1, one has 0 < ¢ < %SE

Proof. Consider the functions U, (x): = H,(|x]),n € N*, where
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1
() osren
5, sr y
1+ nr?
Ha@):= 438
2—1), 1<r<2;
<1+n2>( )

0, r=2,

where A3 is determined in (2.3). By direct calculations, we have

U3 = [ 1Unldx = w3 [ r?|H,(r)2dr

2

_ 2(1 M s 8 n
- w3A3 (nz J~0 1452 ds + 15 1+n2) (2'4)

VUL = [, [0 dx = ws [, 72 |H, ) dr

5,4

1 2
_ 2 nr n 2
= w345 <f0 o)’ dr + Tz fl r dr)

st 7
= w34 (fg T dsts 1:,12) (2.5)

3 +o0 4 7
_ 2 _ N 7 n
= 52 + w3 A} ( fn R ds +3 1+n2>

and

Joo WUnl¥ dx = U5 = w3 [ P2 Hu ()% dr

x n \3 «
= w3A3 <f0 - 2) (ﬁ) [3r2(2 —1r)? dr)

_ 2% n SZ n 3 1 2%
= w343 <f0 (14s2)° ds + (1+n2) fo S Chy S)st)

— 5140 () (2.6)

where w3 is the area of the unit sphere in R3. Moreover, according to (V3), we infer that
2 2
Jas VUxDIUL[2dx < [y 221U, Pdx
= w3BA3[§7 T Hy (r) 2 dr

1 2 2
= wyBA3 (fo anrz r+ 1:;12 fl r2®(2 — r)zdr) (2.7)

—a

Take into account that

w BAZLJ2 2722 —1)%dr=0 (l)
3 31+n2 1 n
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and

1 n.r.Z—a n SZ—a
f ﬁdr = n“_z f 5 ds
o 1+n°r o 1+s

n
< n“‘zj s % s
0

— na—Zo(nl—a)
=0(3)
T \n
it follows from (2.7) that
1
Jo VARDIVLPdx = 0 (7). 2.8)
As far as || Un”Z is concerned, we have
+oo 1 n%rz
Up|%dx = 2|H,(M)|9%dx > w3Al [ ———d
Jio Wnltdx = w3 [ 72| Hy(r)|%dx = w3A [ L
q 2
Ok fr—ds (2.9)
n (1+4s%)2
w3A3 1 52 C
= —&= —7as = &=
n¥f0 2% nM

which is available for both ¢ = 2}, and q € (4, 2%).

In the sequel, for any fixed n, we consider the following map

t? 2t ) ts -
J(tU,): == |VU,| dx+= V(xDIU,I dx -2+ |U,,|%=dx
]R3 ]R3 a ]R3
t4 t2 )
——f |U,|%dx — f U, 1% dx,t >0
q ]R3 2 ]R3

It is obvious that J(tU,) —»— o as t =+ oo and J(tU,) —» 0%Tas t » 0. Thus, we can assume the existence of

t, > 0 to guarantee that J(t,U,,) takes its maximum value at t,, and

252

2 a * _2 *__ *
IVULI[, + [os VAXDIUIPdx = 26,5 WU II5¢ + & “NULIIG + 65 2UAN5. (2.10)

From (2.4), (2.5), (2.6), (2.8), (2.10) and
22"—q) 2*(q-2) X 2(2*-2%) 2*(25-2)
IIUnIIZ < ||Un||22 - ||Un||23 -, IIUnlli*x < ||Un||22 - ||Un||2*2 2,

we know that {t,} possesses the uniformly (positive) lower bound and upper bound. As a result, when N =

3,2 € (0,1) and q € (4, 2"), together with (2.5), (2.6), (2.8) and (2.9), we infer that for n large enough

2N—4+2a
N-2

Theorem A.([8, Theorem 1.1]) Assume that q € ( , 2*) and conditions (V1) — (V3) hold. Let

{N =3, a€e(12);
N=>4, a€(02),

and

> 1> 0, (1.2)
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Proof of Theorem 1.1. After establishing Lemma 2.1, the remaining is just to repeat [8, Lemma 5.3] to finish the

proof of our Theorem 1.1. So we omit the details.
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