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ABSTRACT 

In today’s highly dynamic and price-sensitive market environment, inventory management faces increasing 

challenges due to fluctuating demand and the need for efficient coordination between suppliers and retailers. Based on 

these premises, this paper develops an exponential complete backordering model of the inventory system that considers 

the shortages within a finite planning horizon and price-sensitive demand in the presence of linear trends. Included in 

considerations are variability of demand, backordering costs, and a demand-plus-price relationship modeled through 

exponential backordering functions taken into consideration. Supportive of MATHEMATICA 12, iterative calculations 

were performed and Python-based tools created graphs and heatmaps to clearly delineate the result. This would decrease 

the total variable cost for determining the optimal period of replenishment and shortage. A numerical example is then used 

to show the ability of the model in optimizing the inventory management, which in turn leads to reduced stockouts, good 

coordination among suppliers and retailers, and lower costs. The sensitivity analysis presented here is applied to represent 

the significance of parameters. This research now provides a strong structure for improvement in supply chain 

management involving dynamic demand environments, especially when price sensitivity and backordering largely 

influence the processes. 

Keywords: Finite planning horizon; exponential backorder; shortage; complete backorder; price sensitive demand 

1.Introduction 

Efficient inventory management is fundamental to sustaining a competitive advantage in modern supply 

chain ecosystems. The complexity of demand patterns, coupled with uncertainties in supply, necessitates the 

development of sophisticated inventory models capable of addressing various challenges. Among these 

challenges, shortages of goods pose a significant concern, especially when considering both linear trends and 

price-sensitive demand dynamics across the planning horizon. In response to this multifaceted problem, this 

research endeavors to investigate an exponential complete backordering inventory model for a single-item, 

price-sensitive demand system under a deterministic finite planning horizon. 

This model aims to comprehensively analyze the implications of shortages while accommodating both 

linear trends and price-sensitive demand throughout all cycles of the planning horizon. The concept of 

exponential backordering is essential because it realistically captures the cost escalation and customer 

dissatisfaction associated with increasing waiting times during stockouts. By integrating exponential 
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backordering principles and considering the nuances of price-sensitive demand, the proposed model seeks to 

provide insights into optimal inventory control strategies under such conditions. The significance of this 

research is underscored by its potential to enhance decision-making processes in inventory management, 

thereby minimizing costs and maximizing operational efficiency. The proposed model addresses critical 

factors such as demand variability, lead time, and backordering costs, offering a robust framework for 

managing inventory in environments characterized by fluctuating demand and supply uncertainties. Through a 

rigorous investigation of the proposed model, this study aims to contribute to the existing body of knowledge 

in inventory optimization, particularly in addressing shortages amidst dynamic demand and supply conditions.  

This research employs advanced numerical iterative methods and leverages the computational 

capabilities of MATHEMATICA (version 12) to validate the model. The results demonstrate optimized total 

costs, taking into account exponential backorder rates and the price-sensitive nature of demand within a finite 

planning horizon. In light of these considerations, this paper outlines the objectives, methodology, results, 

implications, and future directions of the research. The overarching goal is to advance our understanding of 

inventory management in the face of evolving market dynamics, providing valuable insights for practitioners 

and decision-makers aiming to improve their inventory control mechanisms and maintain a competitive edge 

in an ever-changing business landscape. 

2. Literature Review 

The concept of exponential partial backordering has been widely studied in the inventory literature, 

providing a more realistic representation of customer behavior in situations where some customers are willing 

to wait for replenishment while others seek alternative sources. Researchers have explored various extensions 

and variations of this model, incorporating factors such as deteriorating items, time varying demand and 

production rates, pricing decisions, and different cost structures. Despite the extensive research in this area, 

there is still room for further exploration and refinement of these models to better capture the complexities of 

real-world inventory systems[1] offers a comprehensive and contemporary examination of inventory 

management techniques. With a strong emphasis on the integration of demand forecasting and inventory 

control, the book provides valuable insights for professionals and academics seeking to optimize supply chain 

efficiency[2] discusses advanced inventory management strategies, including backordering and the impact of 

demand variability on inventory decisions[3] examines the interplay between pricing strategies and inventory 

control, proposing models that accommodate demand elasticity and price fluctuations[4] delves into the 

theoretical foundations of supply chain management, offering insights into inventory models that address 

shortages and backordering[5] investigates inventory policies for perishable products with stochastic demand, 

providing insights into how inventory models can be adapted to manage products with varying shelf lives and 

demand patterns[6] discusses strategies for aligning supply and demand, emphasizing the need for flexible 

inventory models to manage shortages effectively[7] provides a comprehensive overview of production and 

inventory control, discussing strategies for managing backorders in complex supply chain networks[8] explores 

how analytics can improve inventory management, including the use of backordering policies to optimize 

supply chain performance[9] discusses the benefits of information sharing in supply chains, relevant to 

optimizing inventory levels and backordering strategies[10] The paper introduces a model on supply chain 

inventory replenishment addressing material degradation based on usage of green technologies, offering 

profits along with cost reduction as well as carbon emissions abatement through the use of an iterative 

numerical algorithm with theoretical insights and practical applications[11] provides a detailed examination of 

supply chain strategies, including inventory management and backordering policies to handle dynamic 

demand and supply conditions[12] explores how technology adoption, such as RFID, can improve inventory 

accuracy and management, including backordering[13] investigates inventory control policies for products with 
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price sensitive demand, providing insights into how pricing strategies influence inventory levels and 

back-ordering decisions[14] examines how dynamic demand patterns influence inventory management 

strategies, including the role of backordering[15] discusses the role of contracts in capacity planning, including 

inventory management and backordering strategies with limited resources[16] explores the impact of agency 

issues on supply chain coordination, focusing on price-sensitivity impact on demand[17] examines how demand 

forecasting and lead times affect inventory management, emphasizing the need for robust backordering 

models[18] explores the causes and consequences of demand variability in supply chains, emphasizing the need 

for effective inventory models to manage backorders[19] explores the performance of various lot sizing rules in 

the presence of demand uncertainty, relevant to understanding the impact of backordering policies[15] provides 

a comprehensive review of single period inventory models, highlighting the challenges of managing 

backorders in such contexts[20] discusses the impact of setup costs on inventory decisions, relevant to the study 

of back-ordering models in contemporary supply chains[21] explores how production constraints impact 

inventory decisions, relevant to the study of backordering under capacity limitations[22] provides foundational 

insights into multi-echelon inventory systems, highlighting the importance of coordinated inventory policies[23] 

discusses common challenges in supply chain inventory management and proposes strategies to address these 

issues, including backordering policies[24] presents modifications to the Economic Order Quantity (EOQ) 

model, which are pertinent to understanding how setup cost reductions can affect back ordering strategies[25] 

provides insights into the role of stochastic processes in inventory management, highlighting the importance of 

probabilistic models in addressing supply chain uncertainties[26] explores how dynamic pricing strategies can 

influence inventory management and backordering decisions[8] discusses the benefits of information sharing in 

supply chains, relevant to optimizing inventory levels and backordering policies[27] explores how analytics can 

improve inventory management, including the use of backordering policies to optimize supply chain 

performance[28] investigates inventory policies for perishable products with stochastic demand, providing 

insights into how inventory models can be adapted to manage products with varying shelf lives and demand 

patterns. 

3. Research Gap 

Despite the significant contributions made by previous studies in modeling partial backordering, 

price-sensitive demand, and perishable inventory systems, limited attention has been given to exponential 

complete backordering models under a finite planning horizon that also incorporate price-sensitive demand 

with linear trends. Most existing models focus on either partial backordering or assume static demand, 

overlooking the complex interdependencies between pricing strategies, stockout costs, and replenishment 

timing in dynamic environments. Furthermore, the integration of exponential backordering cost structures with 

computational validation through tools like MATHEMATICA and Python-based visualizations remains 

underexplored in current literature. Therefore, this research addresses this gap by developing and analyzing an 

exponential complete backordering inventory model that reflects real-world complexities, aiming to improve 

total cost minimization and decision-making efficiency in modern supply chains.  

4. Assumptions and Notations 

4.1 Assumptions 

a) The initial inventory level is zero. 

b) The storage cost remains constant throughout. 

c) The ordering cost is fixed and known in advance. 
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d) Shortages are allowed under a finite planning horizon. 

e) Partial back ordering is applied, following an exponential function. 

4.2. Notations 

i. Fixed time horizon H. 

ii. The demand rate is D and D(t)= a-bp. 

iii. The amount that is carried per unit per order is denoted by r. 

iv. Or is the cost of replenishing or purchasing per order. 

v. S is the shortage cost per unit time. 

vi. Ij is the total inventory carried out during the interval [tj, sj] 

vii. Sj is the total amount of shortages in the interval [sj, tj+1]. 

viii. Sj denotes the time at which the inventory level reaches zero in the jthreplenishment cycle j= 1,2, 

3, …., n. 

ix. tj is the jth replenishment time j =1, 2, 3, ……n. 

x. n is the number of orders during the time horizon H. 

xi. D1=a-bp-cp2    is the price dependent quadratic backordering. 

xii. Q is the total optimal order quantity during the planning horizon H. 

xiii. Ibinstantons shortage during the shortage period. 

xiv. θ is an inventory dependent parameter.  

xv. B(t)is the back ordering rate taken as an exponential function,  B(t)= ρe−ct 

4.3. Model formulation 

The initial equation is given by,                   
dIj+1(t)

dt
 + Ij+1(t) = D(t),  tj< t < sj+1               … (1) 

Where, j=1, 2, 3, ……n1 

dIj+1(t)

dt
 = -D(t) - Ij+1(t), t j< t < sj+1                  … (2) 

Consideringthe boundary conditions Ij+1(sj) = 0 

The solution of the equation (2) is, 

Ij+1(t) = e
-αt∫ D(u)eu du

sj+1

t

 

Ij+1(t) = (a-bp)(esj+1-αt-e(1-α)t)                          ... (3) 

During the shortage phase, the instantaneously arising shortages Ib(t) is offered by, 

Ib(t) = B(t)(tj+1-sj)  

 Ib(t) = ρe-ct(tj+1-sj)                                       … (4) 

Considering the boundary conditions, Ib(sj)=0 
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Q
j+1

=Ij+1(t)=(a-bp)(esj+1-αtj-e(1-α)tj) 

Considering the reorganization of the ordering sj+1 can be given as, 

Sj+1=∫ Ib(t)dt
tj

sj

 

Sj+1=∫ ρe-ct(tj+1-sj)

tj

sj

 

Sj+1 = 
-ρ

c
(tj+1-sj)(e

-ctj-e-csj)       … (5) 

 

The entire purchase amount for a limited time frame of planning, 

Q
nt

=∑Q
j+1

=∑ (Ij+1+Sj+1)

n1

j=1

n1

j=1

 

Q
j+1

=∑ [(a-bp)(e
(sj+1-αtj)-e(1-α)tj)-

n1

j=1

ρ

c
(tj+1-sj)(e

-ctj-e-csj)]           … (6) 

The total retailer cost over a specified time horizon is given by,  

Total Cost= Re-supply expensess + Cost of retaining + Stocks + Purchacing Cost + Storage Cost 

TR(tj,sj,n1)=n1.Or+∑ H∫ Ij+1(t)dt+∑ Wh.Q
j+1

+∑ S∫ Ib(t)dt
tj

sj

n1-1

j=0

n1-1

j=0

sj+1

tj

n1-1

j=0   … (7) 

TR(tj,sj,n1)=n1.Or+∑H

n1-1

j=0

∫ (a-bp)(esj+1-αt-e(1-α)t)dt+

sj+1

tj

 

∑Wh.[(a-bp)(e
(sj+1-αtj)-e(1-α)tj)]+∑S∫ ρe-at(tj+1-sj)dt

tj

sj

n1-1

j=0

n1-1

j=0

 

TR(tj,sj,n1)=n1.Or∑H.(a-bp) [
-1

α
(1-esj+1-αtj)-

1

(1-α)
(e(1-α)sj+1-e(1-α)tj)]+

n1-1

j=0

 

∑ Wh.[(a-bp)(e
(sj+1-αtj)-e(1-α)tj)]-∑ S[

ρ

c
(tj+1-sj)(e

-ctj-e-csj)
n1-1

j=0

n1-1

j=0 …       (8) 

The total cost of supplier is given by  

TS(tj,sj,n1)=n1.Ss+Cs∑∫ (a-bp)(esj+1-αt-e(1-α)t)dt+∫ e-ct(tj-sj)

tj

sj

sj+1

tj

n1-1

j=0

 

The primary goal is to determine the values of tj and sjthat minimize the total variable cost (TR) in stock 

control and inventory management, to achieve the lowest possible total cost in the inventory system, the 

essential conditions for minimizing the total cost are as follows, 



Industrial Management Advances| doi: 10.59429/ima.v3i1.9928 

6 

 

∂TR(tj,sj,n1)

∂tj
=0  ,                       j=1, 2, 3, ….n 

∂TR(tj,sj,n1)

∂sj

=0  ,                       j=1, 2, 3, ….n 

∂TR(tj,sj,n1)

∂tj
=∑H.(a-bp)[-e

(sj+1-αtj)+e(1-α)tj]

n1-1

j=0

+ 

∑ Wh(a-bp)[-αe
(sj+1-αtj)+(1-α)e(1-α)tj]+∑ S.ρ(tj+1-sj)e

-atjn1-1

j=0

n1-1

j=0        … (9) 

∂TR(tj,sj,n1)

∂sj
=S.∑

ρ

c
[e-ctj-e-csj+c(tj+1-sj)e

-sj]
n1-1

j=0                   … (10) 

The total cost's Hessian matrix must be positive definite for a fixed n in order for the total cost to be least 

(i.e. ∇2TC). 

∇TR(tj,sj,n1)=

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 ∂

2
TR(tj,sj,n1)

∂t1
2

∂
2
TR(tj,sj,n1)

∂t1∂s1

0 0 … … 0 0 0

∂
2
TR(tj,sj,n1)

∂s2∂t1

∂
2
TR(tj,sj,n1)

∂s1
2

∂
2
TR(tj,sj,n1)

∂s1∂t2

0 … … 0 0 0

0
∂

2
TR(tj,sj,n1)

∂t2∂s1

∂
2
TR(tj,sj,n1)

∂t2
2

∂
2
TR(tj,sj,n1)

∂t2∂s2

… … 0 0 0

… … … … … … … … …

… … … … … … … … …

0 0 0 0 … …
∂

2
TR(tj,sj,n1)

∂tn1-1∂sn1-1

∂
2
TR(tj,sj,n1)

∂sn1-1
2

∂
2
TR(tj,sj,n1)

∂sn1-1
∂tn1

0 0 0 0 … … 0
∂

2
TR(tj,sj,n1)

∂tn1
∂sn1-1

∂
2
TR(tj,sj,n1)

∂tn1

2
]
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

4.3. Numerical illustration 

A numerical example is presented with particular values for a=0.65, b=0.01, c=0.35, rho(ρ)=0.26, e=2.7, 

Wh=0.3, H=0.1, p=1.5, Sr=2.6748, s1=0, S=4 in appropriate units. To obtain the solutions of Eq. (9) and Eq. 

(10), we utilized Mathematica, version 12, that is the computational tool implemented in order to compute the 

results and analysis for inventory model with backordering. The numerical example used in this study is 

inspired by parameter ranges and assumptions commonly found in existing literature on inventory models with 

backordering and price-sensitive demand. These parameters are chosen to reflect realistic supply chain 

conditions and to demonstrate the applicability of the proposed model under practical settings. The example is 

structured to validate the performance of the model under dynamic pricing, demand variability, and 

exponential backordering cost structure. While synthetic in nature, the chosen data set allows for a 

comprehensive sensitivity analysis and facilitates comparison with prior models. 

4.4. Theorems 

Theorem 1. First-Order Optimality Condition 

Let f(x) be a differentiable function on Rn Then, necessarily, for x*∈R
n
  to be a local minimum of f(x), 

the gradient of f(x) must be zero at x*that is 
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∇f(x
*
)=0 

This condition is now known as first-order optimality. 

Proof: The function f(x) is a local minimum at x*, so no direction d satisfies:  

f(x*+d) < f(x*). From the first order Taylor expansion around x*, we have  

f(x*+d) ≈ f(x*) + ∇f(x*)
T
d 

For that to be true for all directions d, it must be that ∇f(x
*
)=0. 

Theorem 2 Second-order optimality condition 

Let f(x) twice differentiable on RnThe point x*is a local minimum of f(x) if 

∇f(x
*
)=0 (first-order condition), and 

The Hessian matrix H(f)(x
*
) is positive semi-definite that is, H(f)(x

*
) ≥ 0. 

Proof: The second-order Taylor expansion of f(x) about x* is 

f(x
*
d)≈f(x*)+∇f(x*)

T
d+

1

2
d

T
H(f)(x*)d 

Because ∇f(x
*
)=0 (by the first-order condition), this gives 

f(x
*
d)≈f(x*)+

1

2
d

T
H(f)(x*)d 

The inequality f(x*+d) ≥ f(x*) for all directions dd holds only if H(f)(x*) is positive semi-definite. 

Theorem 3. KKT Conditions Karush-Kuhn-Tucker: The application of the Karush-Kuhn-Tucker 

(KKT) conditions in this research is justified by the nature of the optimization problem, which involves 

non-linear objective functions with inequality constraints related to inventory levels, replenishment periods, 

and backordering quantities. KKT conditions provide a well-established analytical framework to handle such 

constrained non-linear optimization problems, ensuring optimality under convexity and differentiability 

assumptions. While newer heuristic or metaheuristic methods (such as genetic algorithms or particle swarm 

optimization) are available, the use of KKT is appropriate here due to the analytical tractability of the model, 

which allows for closed-form expressions and clearer interpretation of the constraints and sensitivity of 

parameters. Furthermore, the combination of KKT conditions with symbolic computation in 

MATHEMATICA ensures robust and efficient computation, making it suitable for theoretical validation and 

pedagogical clarity. For the nonlinear programming problem:  

min f(x) subject to    g
i
(x) ≤ 0, hj(x)=0, 

Karush-Kuhn-Tucker Conditions Suppose that f, gi, hj are differentiable. Karush-Kuhn-Tucker conditions 

give necessary optimality conditions. Let x*be a local minimum. Then there exist multipliers λi ≥ 0 and μj such 

that  

∇f(x*) + ∑iλi∇gi(x*) + ∑jμj∇hj(x*) = 0 

λigi
(x*) = 0  for all i, (complementaryslackness), 

g
i
(x*) ≤ 0,  hj(x

*)= 0 for all i, j. 

λi≥0 for all i. 
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5. Resulting tables and figures 

Table 1.Replenishment time tj 

↓a → tj t0 t1 t2 t3 

0.1 0.01 0.122146   

0.2 0.01 2.37729 3.33812  

0.4 0.01 1.71775 3.33812 4 

0.6 0.01 1.71775 3.33812 4 

 

Figure 1. Replenishment time tj 

Table 2. Increasing replenishment time sj 

↓

a

 
→sj s0 s1 s2 s3 

0.1 0 3.99881   

0.2 0 2.37743 3.9978  

0.3 0 1.71775 3.33812 4 

0.4 0 1.71775 3.33812 4 

 

Figure 2. Increasing order of replenishment time sj 
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Table 3. Total cost for the retailer for different replenishment cycle 

↓

a

 
TR TS Q

nt
 

0.1 4.13456 2.67411 2.67255 

0.2 6.33814 2.67388 6.8361 

0.4 8.53743 5.33857 7.86121 

0.5 9.40242 5.33598 10.0195 

0.6 10.2558 5.33346 12.1581 

Table 4. Total cost for retailer, supplier and quantity for optimal values 

→n 1 2 3 4 5 6 

0.1 4.13456 5.85722 9.00915 12.9165 18.3473 27.1847 

0.2 6.33814 6.76708 10.272 15.9013 25.1825 42.6298 

0.4 9.44631 8.53743 12.7736 21.8019 38.6834 73.1256 

0.5 10.5904 9.40242 14.0225 24.7468 45.4208 88.343 

0.6 11.5592 10.2558 15.2711 27.6907 52.1556 103.554 

Table 5. Days table for tj 

148.156 313.488 609.206 904.924 

19.7869 433.88 609.206 904.924 

1.825 313.488 609.206 904.924 

1.825 313.488 609.206 904.924 

Table 6. Days table for sj 

0 729.783 609.206 904.924 

0 433.88 729.598 904.924 

0 313.488 609.206 904.924 

0 313.488 609.206 904.924 

6. Sensitivity analysis  

The sensitivity analysis elucidates the impact of changes in the crucial parameters on total costs for the 

retailer TR, supplier TS, and the total order quantity Qnt. A 20% increase in parameter a causes TR to shift up to 

9.40242 from 8.53743 and TS shifts down to its slightly decreased value from 5.33857 to 5.33598. The total 

order quantity Qnt shifts up to 10.0195 from 7.86121. On the other hand, with the fall of 20% in a, TR falls to 

6.33814 and TS falls down to 2.67388, and Qnt also falls down to 6.8361. This shows that it is moderately 

sensitive to fluctuations in the cost and the order quantity of a. Changes have very minimal effects on 

parameter b. TR varies within the range of 7.05339 to 7.04076 and TS varies very slightly as it ranges from 

0.00072145 to 0.000693299 whilst the total order quantity decreases slightly by the range of 4.0448 to 4.00439. 

This also shows that b has lesser effects on costs and order quantity Qnt.  

This shows that parameter c is fairly sensitive. In fact, a 20% drop resulted in TR sharply increasing from 

6.87698 to 11.3531, TS from 0.00101634 to 0.00129504, and quantity Qnt from 3.7784 to 5.36078. α also turns 
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out to be highly sensitive. Indeed, a 20% increase in it leads to a sharp increase in TR from 5.37491 to 29.9734, 

and TS from 0.002066 to 0.0131941, while quantity Qnt decreases from 3.03674 to 2. 44819.Therefore, c and α 

are actually important parameters, which largely dictate total costs, apart from the order quantities especially 

for the retailer. For graphical visualizations a Machine-Learning Tool-Python, with the help of it the heatmap 

are made. Figure 3 gives the visualization of the sensitivity of retailer’s total cost, Figure 4 gives the graphical 

visualization of sensitivity of supplier’s total cost and in Fig 5 gives the graphical visualization of optimal 

order quantity. 

Table 7.Sensitivity analysis of all the parameters 

Parameters %Changes 
Optimal Replenishment 

cycle 

Total order 

Quantity  

Q
nt

 

Total cost of Retailer  

TR 

Total 

cost of supplier 

TS 

 

 

a 

 

{
 
 

 
 

+20

+10

0
-10

-20

 

2 

2 

2 

1 

1 

10.0195 

12.1581 

7.86121 

2.67255 

6.8361 

9.40242 

10.2558 

8.53743 

4.13456 

6.33814 

5.33598 

5.33346 

5.33857 

2.67411 

2.67388 

 

 

b 

{
 
 

 
 

+20

+10

0
-10

-20

 

1 

1 

1 

1 

1 

4.00439 

3.96288 

4.0448 

4.16037 

4.1227 

7.04076 

7.02916 

7.05339 

7.09689 

7.08151 

0.000693299 

0.000662191 

0.00072145 

0.000790488 

0.000769832 

 

c 

{
 
 

 
 

+20

+10

0
-10

-20

 

1 

1 

1 

1 

1 

3.32059 

2.92617 

3.7784 

5.36078 

4.82145 

5.95992 

5.29343 

6.87698 

11.3531 

9.57865 

0.00114326 

0.00114757 

0.00101634 

0.00129504 

0.000356569 

 

 

α 

{
 
 

 
 

+20

+10

0
-10

-20

 

1 

1 

1 

1 

1 

2.44819 

2.20027 

3.03674 

15.6442 

8.74641 

4.21495 

4.04957 

5.37491 

29.9734 

16.4004 

0.00286675 

0.00278454 

0.002066 

0.0131941 

0.00507976 

 

Wh 

 

 

 

{
 
 

 
 

+20

+10

0
-10

-20

 

1 

1 

1 

1 

1 

3.44331 

3.22745 

3.7784 

10.5587 

5.72052 

6.64752 

6.49588 

6.87698 

9.24053 

7.96899 

0.00139882 

0.00165342 

0.00101634 

0.00280211 

0.000725277 

H 

{
 
 

 
 

+20

+10

0
-10

-20

 

1 

1 

1 

1 

1 

3.92663 

4.08092 

3.7784 

3.36164 

3.49676 

7.28774 

7.71854 

6.87698 

5.73868 

6.1048 

0.000701578 

0.00038045 

0.00101634 

0.00192955 

0.00162995 
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Parameters %Changes 
Optimal Replenishment 

cycle 

Total order 

Quantity  

Q
nt

 

Total cost of Retailer  

TR 

Total 

cost of supplier 

TS 

 

Rho 

{
 
 

 
 

+20

+10

0
-10

-20

 

1 

1 

1 

1 

1 

4.72833 

5.35694 

4.0448 

1.69676 

2.53281 

8.0726 

9.13329 

7.05339 

4.42553 

5.2142 

0.00100185 

0.00114567 

0.00072145 

0.0010419 

0.00027822 

 

S 

{
 
 

 
 

+20

+10

0
-10

-20

 

1 

1 

1 

1 

1 

4.0607 

4.35968 

3.7784 

2.96604 

3.22041 

7.84175 

8.85483 

6.87698 

4.39282 

5.14019 

0.00119037 

0.00129419 

0.00101634 

0.00233261 

0.000300246 

Table 7. (Continued) 

 

Figure 3.Heatmap of retailer’s cost: Tracking the ripple effect of parameter changes 
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Figure 4.Heatmap of supplier’s cost: Tracking the ripple effect of parameter changes 

 

Figure 5.Total order quantity trends with parameter variations 

7. Managerial suggestions 

To benefit from back ordering to the fullest and to minimize total costs, the managers should initiate 

strategic moves, starting with optimum inventory levels based on accurate demand forecasting. Advanced 

techniques of forecasting to determine fluctuations in demand and when to allow back orders would indeed 

lead to both fulfilling customer orders on time and reducing excess holding costs. Various suppliers could be 
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created to allow them to negotiate good terms for the back-ordered items, thus ensuring that the supplier 

stabilizes the cost during peak demand TS, while such flexibility may enable managers to avoid 

misunderstandings or overreacting3 to changes in the marketplace. Again, providing discounts, loyalty points, 

or priority filling as an incentive to encourage customers to take backordered items can improve the 

satisfaction level of customers and optimize cash flows. This would enable customers to wait for the products 

and therefore minimize the loss of sales. The other thing of huge importance is conducting periodic backorders 

analysis. Analysis would permit managers to know the after-effects of back-ordering on efficiency in 

operations as well as customer satisfaction. This would make the necessary adjustments to the responsible 

strategies. With such controls, organizations can rightly monitor back ordering, lower their overall cost, and 

potentially increase profit without losing the relationship with the customer. 

8. Conclusion 

In this paper, an exhaustive exponential complete backordering inventory model is developed for 

countering shortages at every cycle of a finite horizon with both linear trends and price-sensitive demands. An 

exhaustive, exponential complete backordering model will offer some significant improvement in the 

inventory management by considering exponential backordering, giving better applicability towards the 

real-world demand, where customers' demand is sensitive to the pricing and supply lags. Mathematica's 

mathematical verification, combined with computation support from the tools based on Python, makes this 

model even more versatile in giving accurate numerical solutions and intelligent graphical analysis.  

Results of the numerical example will show that the model is optimizing the total cost while improving 

coordination between the suppliers and retailers. Results of the sensitivity analysis will provide an intuitive 

sense that total costs are sensitive to the back ordering rate, c, and the inventory dependent coefficient, α, 

therefore, the importance of these parameters in the strategic decision-making for the inventory manager can 

be realized. This implies that the back ordering policies can be optimized by reducing stockouts in order to 

maximize customer satisfaction by a cost-effective supply chain. 

Summarily, the developed model gives practitioners and decision-makers a critical tool for looking 

forward to improving the mechanisms of controlling inventory. Effective management of back orders under 

fluctuating demand and pricing conditions will ensure not only cost optimization but also improvements in 

efficiency in operations. This model may be extended into multi-echelon supply chains, with consideration for 

stochastic demand patterns and implications of dynamic pricing strategies. 
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