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From Modulus and Variation to the Refinement Hierarchy of Continuous Functions A
Reexamination of Lipschitz, Holder, and Absolute Continuity
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Abstract: Continuous, uniformly continuous, Lipschitz continuous, Holder continuous, and absolutely continuous
are five important continuity concepts in mathematical analysis. Existing literature has presented Venn diagrams
among them through set inclusion relationships. This paper introduces two analytical dimensions—"modulus control"
and "variation control"—to reinterpret the intrinsic logic of this hierarchy. We point out that Lipschitz continuity is
the common reinforcement of both types of control; while narrow Holder continuity (a<1) and absolute continuity
represent two distinct reinforcement paths that are mutually exclusive. The paper also systematically summarizes the
determination methods and counterexample constructions for each type of continuity. This dual-dimensional analytical
framework reveals the intrinsic characterization mechanisms among various continuity types, providing a theoretical
reference for the study and research of real analysis.

Keywords: Lipschitz continuity; Holder continuity; Absolute continuity; Modulus control; Variation control

03| BEEREEE ) o ZSONWIF B REX AR TAENME
SR T D2 2 — . H Bolzano &%,
(1817 ) #1 Cauchy (1823 ) Z5H™ &M & -8 T XLLE, SRIf, MIEAFERRI RS, a5 T IR E St —
AR T AROIRTFE, BH5IAT LMERNE Wit 85—, FREE XA KT E IS E
i, Hd, —BU%ESk, Lipschitz Y542, Holder Y42 FRIAIX FRIpBE e, XA EMART R £,
583 FESL RN e N 2 LR EESREL, ESLHT . Holder 4L 5 *&aE’JHWE (CEEHEE a=1) HERE T
BRIIHT RISy 75 R M B 0 A G R T N R Bk Y H5 Lipschitz A X, X— RIS EIRFE .,
ﬁa@o B=, EEOVRET %Kl&@ﬁﬁjw IMERER , T

TURRER T4 7 R80T T A ISES R IS A BRELE T TR A2 X — PN TEAL B H A R
TR F, BH TIEWN Venn &, /B: FHEIR RIS A - FIERIIRIAL
LESACUCC, HH5A, H5 L¥YTEES

K&, HHC ARSEAM— DT R B X — i R . AR
U (IXHE C. U, L. H. ADBIAESREEE  —BukEs: EESNERSRACS) AP IEARYERE .
RN | Lipschitz YESPRELSS | Holder HEELREE | 403 il 2 REE R E BN SR E AR

151



B5MHE 8% 16 A

ISSN: 2705-0904(Print); 2705-0874(Online)

PRESTHRV BT . Lipschitz AR EURZGMETIR, Holder 2
SEEDRFOGER, (1R <1) , — B NESR AL i
T

Azt IR A PR X ] - A LR R
RRTRIME o X SR EE A IR E AR X ],
HERRET /N, BREEA AT 557N

FEX—HEZRN, Lipschitz ZESHA T B2 HI 3L
SEfE, ifn Holder 42 ((a <1) SHaESNIBIRE “4b
MR 5 “aidr Z i MR AR S,

AR . 8 1 IR0 R SR E
SMOFHAMRIC S 5B 2 TIMIERE AT Lipschitz 5 Holder
L B3 NMEEM AN ES; F 4 e
Lipschitz ZEE21E AP HIZ B PR ZRHIG; 85 5 1918
IR AI 2 & 20 RN 26 6 TI 2,
1 EN5ine

A, R FRIEE, 1 C R AXE (F[AH R
TS FFERT ), MU A1 R e A 1 _ERIRRER.

EM 1 CGES) R x, € TIMES:,
Ve>0,38 >0, Vx €Ll |x — x| < § = |[f(X) — f(x0)| < &

R RS, Wk ET B (BS) &5
10 C(I) NIESRE AR,

EN 2 (—EuEsr) REUET E—80ES:, &
ve>0,36>0,Vx,yELl:|x—y| < §=|f(x) — f(¥)| < &

18 U) A—BuEsirdia i,

5E X 3 (Lipschitz 4% ) PRELSTE T | Lipschitz 4%,
TR ELL>0, (IR EExy €L A

IfG) — FOII < Lix —yl.

R F IR/ N L FROY Lipschitz H48, 184
Lip(f)o 18 L() 4 Lipschitz HEAZREIEA,

E N 4 (Holder E4E) ¥ a € (0,1), BRELSIET F
o —Holder Y47, SEFRy Holder YELT |, TFIEEL C>0,
HSHEE xy €1, A

If () = fFI < Clx — y|“.

10 H(I) 29 Holder HEEZRRETS A,

XEFERHIE, ASCRAME ) Holder HELE
X, RHEEL a H8/INT 1o iX—Z95EH Lipschitz 4% (X
W a=1) HEBRAE Holder L2280, (HFRAATHONR
2o MTHFERMTHE ZFN, TR Lipschitz 804
o=1 WIEFIEE .

TEM 5 (HENEST) BRELSE T RHEES:,

Ve >0,38 >0,vn € N,V I AR X (a,b) C

152

Li=123, n:
‘" (bi—ai)<5=>an:lf(bi)—f(ai)|<€-

10 AQD) AHEXESPREL AR

EN 6 (—HGESEE) PN 8> 0, WX fEL LW
— SRR

ws(8) = sup{|f(x) = fW):x,y € L|x — y| < 6}

2 MEEMAE: Lipschitz 5 Holder &4k

—HUESHRE o/(0) ZIE T RETERE 6 FHRKE
BERE . NEZESENRE o/d) B TEIARRRE,

il 1% fI— R, N

(i) f Lipschitz ¥4 & w/(8) = 0(8);

(ii) f Ja-Holder ELE & wy(6) = 0(8%), Ha € (0,1);

(iii) f—3iES gln&wf(S) =0,

FHULETIL, ANFISREE SR, AN bt —
FOESR R T EINERE S H R FBEERMRE]: Lipschitz
HELLE Holder HESIHIREN o BENIGFE 1 NIVIER, Kt
X RRER SRR BILLIT A a € (0,1) #Y Holder BB TR,
i Holder #ES: Xt — 2058 T —BuES:———SuEa HEDK
—HOESEEY s B TENBTE, WEANRSERE R~
WEIINEDK, B SESLNIE 2 RVEEN TR RIE, &
XSGR EDR R ISR

MEGESKAE, HeUucC, (HLMHEEEXK
Z, WfE0.1] k£, V= ;‘%% —Holder 22/, {HAE Lipschitz
L, 1E[0, » | £, x & Lipschitz #£EHY, (EXHEM o <1
AF o —Holder %45, TEMEEIEHI4ERE I, Lipschitz E42
(a=1) ik, Holder #42 (a<1) K2, —EELSHYS,
SINLZEEF: @IHEL

HESE W SHEEIEHIA AR AR, ERNEER
HIERANX A] FRYsh, PRI 2 AN A i sh 2 AT
T BRI E

i 2 (Lipschitz TESZH S 4ERTESE ) %5 £ € L(Y), W
fE A®D.

UEEH: 1% f#F 1 L Lipschitz #4%, HEL>0. XMT

= e>0, B 5=§ , NTF THERA RN E AR ITF

XA (anb), i=1,2,3,n, WYL, (b —a;) <&, N f
Lipschitz A E =

D) - flad | <Y Ubi—al= ) Li—a) <L-5==¢
=1 =1 =1

it fE T R4S,



B5M%R 8% 16 H

ISSN: 2705-0904(Print); 2705-0874(Online)

EEFEENE, ZIEHARGRET [ 0E &, Eik
Lipschitz HE42 28 & A HES TR X [A]_E AP

il 3 (HERES RS AL ) f€ AW, NIfE
u().

UFRA: TEHENTESLE R E n=1 R —E0ESY
TEM .

NS S — S AT E TR T —8ES
KEANX 8] i sh BRIk, i &8 NZR TS
AR ARFEAZ XA E AR B A nl it . BHEREUE
RS E AR RS TR B
4 Lipschitz ZE4L: FEIEFIRHLRERL

FITTR T M R AT AR 22 P P N B 53 B b T 2%
L. Lipschitz FESFXTI MRS - #L T RamH0T .

EF 1T C R OAEZXIE, W LI c Ad). Ik,
TR Holder YESRIIE & a=1, WG LA) € 7O,
HAH WA Holder 25 (H15 a=1) . #1527, Lipschitz
BEARPR B R AT S, R S Holder 4R

X411, Lipschitz ZEEEAL THESIHIE AR “TH
Ui ——E AR TR R I AR Z ). o Holder ¥
40 (a<1) S5HEESNEREAANEAEE, — &2
[AVEE BRI R R o

SET 2 JEARSCHIP X Holder ESTEN (a<1) T,
Holder FE4L S5 ESL T R o, EARKD:

(i) ##4E f € HQ), 12 f¢& AQD);

(i) /77£ g € A(D), fHg & H(D.

m%:xﬁFu»/%@ﬂ@={ﬁm“b’ xeﬁfo

x=
TZPREL 1/2-Holder %47, (BTE[0,1] RIS ZERE, R
EEPOBUES N

ST (i), ZE g)=x, x € [0, » ). DRIZEEL

Lipschitz #E4E, HTH 1, B ESN, (HHE

a>0, lim EREOl = o R Holder 47,

x>0 |

5 X B 2 BN 2 & X BRI

RIS R % ST 2 IAINA KR, JHTE
TEERK A EH AR, 5L L, S 81 C R 9T
THERERIES (A, Ik, ) AR
MRS B AR BN . ATV BRI ] TESR X A
TRRIE MR, RGO R BRI R A

SR IRIAX A 1=[abl. EREE L, HEEREL
—BGESL, HERD Cantor . RULEARAKIE, &

etk 5 — BRI RSN : C(la,b)=U([abl). HATE 3,
4T RS XA S LeAcU=C, HHE5A,
HE5LYTE&EXA, HHGU, BEMHRESES
LMK IEk, XRE RIAX ] F R T RIRFHIE .

WE SR TERIXE] (40 1=[0, » ) 8L =R ) K, &
BRI, U SR S —BUES:: SILR A
A fx)=x" 1 R _F#ES, BXHERE § >0, —HESEE
w(0)= o, HAE—E#ES, Kifl, —BOESNRESE
425 Lipschitz FEELRIRZE S UTHES: OZIEH ARG 7
P, Wl 2) ; HaEsdniE & —5Es: (BURX ERp
%) 5 Holder 2R S — kst (Wi 1) . B
HEERE, ELFXE L, fiy=x & Lipschitz %4 ( Mif
HeictAEs ), (HAESE Y Holder 5E X ((a<1) N Holder
ZESEMY . 1X 1A Lipschitz 425 Holder FELRETCARIX AL
X Sy PETE A BRI ] B AR,

STHFXIA] (An 1=(0,1) ) , LS —HEESHER %
SEEREELE: fo)=sin(1/x) 1F (0,1) L¥ES:, [HEEx— 0"
I RE VI PRI E—B0ESL, AN, 4axELE T
X [A] b A9 S R A A A N - IX A -4t v%Es: (R
JERBAERESL ), AT SAREN, /R4 ES4k
TR, —BOESRER P 2 A (SRR A
1), (BESRECR L REMERX — &S

ZE b, RIABINZR 500 AR RN AT H 25 B A
To: HEEMRAXNE L, ESS—E0ESE, AR
NN ELRXESFXE L, X—F 0 R,
{EHAZES Y F (40 Lipschitz 28040 d4% . ot yedsizs
EEESE ) REEAZE, 8 3L TARRXAEE FE
KRB R AN BN
6 &g

AR MR RS ] S AR Z I Ao 45, ARG Sy
T TS, —E%ESL . Lipschitz ¥E4% . B Holder 42
(a<1) BHEIESXHRREZBINES KR PRk
BH: Lipschitz YL ZPIRIEHIALFERIL, 20T 1 2 T ;
& Holder YESL 5 U S BI R EAREEHI 5 AR Z 1]
AR ER, —EHEERESHEEEEERSE; X
A (CHIRMAIXE, ERXME, FXE) HEseii
BARFE, HAERRAX A L ES S — 2SS0, i
AR A TENE o X —BHYEEE D HTHESUA R T %28
S 2 Rl B R &, R T HNTER ZIEALEE,
N ST SRS A 2 S S R AL T B E A
wEH,

153



B5MHE 8% 16 A

ISSN: 2705-0904(Print); 2705-0874(Online)

SE Wk

(1] {LAKE, E4eve. At JLRESREIIRR]]. K
FREE, 2025, 41(1): 110—116.

[2] Rudin W. Principles of Mathematical Analysis[M]. 3rd
ed. New York: McGraw—Hill, 1976.

154

[3] Zorich V A. Mathematical Analysis I[[M]. 2nd ed.
Berlin: Springer—Verlag, 2015.

TEHZWA: WHE (1990.00-) , 4, PUE, b, &
TiFgRA, PHm, TR R TR
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